CLASS -11
143
WORKSHEET- SYSTEMS OF PERICLES AND ROTATIONAL MOTION
A. CENTRE OF MASS
(1 Mark Questions)

1. Define centre of mass.

Sol. A point of which the entire mass of the body on system of bodies is supposed to be
concentrated is known as centre of mass.

2. The velocity of centre of mass of the system remains constant, if the total external force
acting on the system is
(a) minimum (b) maximum (c) unity (d) zero

Sol. (d)

3. Show that the centre of mass of an isolated system moves with a uniform velocity along a

straight line path.
Sol.  Let vector M be the total mass concentrated at centre of mass whose position vector is
vector r.
Md*r
dt’

F E[ﬂ]zﬁ{,aj

F

dt | dt dt

For an isolated system F=0

Md ;  —
:}T:{! c'm} =0

ar i(!ﬁ] =0as M 20
dt

= (l 'c'm] = constant

4. For which of the following does the centre of mass lie outside the body?
(a) A pencil (b) A shotput (c) A dice (d) A bangle
Sol.  (d)

Centre

A bangle is in the form of a ring as shown in figure. The centre of mass of the ring lies at
its centre, which is outside the ring or bangle.
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5. Which of the following points is the likely position of the centre of mass of the system 144
shown in Fig.?

Hollow
sphere

Alr
A
| B
Sand
() A (b)B (c)C (d)D
Sol. (¢)C
Centre of mass of a system lies upward the part of the system, having bigger mass. In the

above diagram, lower part is heavier, hence CM of the system lies below the horizontal
diameter at C point.

(2 Marks Questions)

6. Two point mass of 1kg and 2kg lie at (1, 2) and (2, - 3) respectively. Calculate the
coordinates of the centre of mass of the system.

7. Three identical spheres each of radius ‘r’ and mass ‘m’ are placed on a vertical plane
such that each spheres touching each other and stay in equilibrium. Find the position of
centre of mass.

Sol.  The centre of mass of each sphere is at its geometrical centre. SO the centre of mass of
the system is in fact the centre of mass of three equal point masses located at the vertices
of an equilateral triangle ABC. Here A, B and C are the centres of three spheres.

¥

Position of centre of mass
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8.

Sol.

Sol.

_ mXr+mx0+mx2r

Xcm = =r
3m
_ 3Xry3+mx0+mx0 _ r
yem 3m T3

* (Xcm, Yem, Zom) = (r' %)

Find the position of the centre of mass of the T-shaped plate from O in figure.

- 8 M e}
0
T -1 %
: |1
. ‘IZm
i .
— 3 m—— ¥ Im—w

-2 M

Let mass per unit area of the plate be o.

Mass of horizontal portion = 8 x 2 = 165, Mass of vertical portion =6 x 26 = 12¢

The centres Oz and O of these portions lie at distances 1m and 2+3 = 5m from the point
O. The CM of the T shaped plate will lie at distance y from the point 10 which is given

by y — 160X1+120X5 76_0 —=271m.

166+126 280

From a uniform disk of radius R, a circular hole of radius R/2 is cut out. The centre of the
hole is at R/2 from the centre of the original disc. Locate the centre of gravity of the

resulting flat body.

The situation is shown in figure. Let O be the CM of the original circular position. O that
of the circular hole cut out and O that of the remaining portion. Let m be the mass per
unit area of the disc.

Mass of original disc, M = tR?m
. R 2 T
Mass of the circular hole cut, m; = n(;) m = ZRzm

Mass of the remaining portion, mz = tR?m - ERzm =% nR?m

Masses m; and m may be assumed to be concentrated at O; and O respectively and O is
their CM.
Therefore, Moment of m; about O = Moment of m, about O
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Ormy x 010 =me x 020

Or R?m x X = 37R?m x 0,0
4 2 4

Or 0.0 =R/6

Thus CM of the resulting potion lies at R/6 from the centre of the original disc in a
direction opposite to the centre of the cut out portion.

146

(3 Marks Questions)

10.  Three masses 3, 4 and 5kg are located at the corners of an equilateral triangle of side 1m.
Locate the centre of mass of the system.

Sol.  Suppose the equilateral triangle lies in the XY plane with mas 3kg at the origin. Let (X, y)
be the coordinates of CM.

k4 &

2
Clearly, AB = VOBZ — 0A? = /12 _ G) - ?m
Now x1 =0, x2 = 1m, x3 = OA = 0.5m, m1 = 3kg, m, = 4kg, mz = 5kg.

_ mpX;+myXy;+msXs 3X0+4%X1+5x%0.5 _ 6.5

o X = =-—=0.54m
m1+m2+m3 34445 12
. _ _ s _3
Againy1 =0, yz—O,yg—AB—7

V3.
myy;+myy,+msys 3X0+4-X1+5X(7) _ 5xv/3

o y: =

m; +m,+ms 3+4+5 T 2x12

Thus the coordinates of CM are (0.54m, 0.36m).

=0.36m

11. ~ Two bodies of masses 10kg and 2kg are moving with velocities 2i—7j+3k and

—10i +35j -3k msrespectively. Find the velocity of centre of mass of the system.

mivi+ms,v, _ 10(21—7]+3k)+2(—101+35]—31()
mi+m,; 10+12

Sol.  Velocity of Centre of mass = =2k ms.

12.  Give the location of the centre of mass of a (i) sphere, (ii) cylinder, (iii) ring, and (iv)
cube, each of uniform mass density. Does the centre of mass of a body necessarily lie
inside the body?
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Sol. (i) Geometrical centre. (ii) Centre of its axis of symmetry. (iii) Centre of the ring. (iv)
Point of intersection of the diagonals. 147
No, it is not necessary that centre of mass of a body lies inside the body. For example, in
a ring, hollow sphere in a tumbler, etc., the centre of mass lies inside their hollow portion.

13. In the HCI molecule, the separation between the nuclei of the two atoms is about 1.27 A
(1 A = 10m). Find the approximate location of the CM of the molecule, given that a
chlorine atom is about 35.5 times as massive as a hydrogen atom and nearly all the mass
of an atom is concentrated in its nucleus.

Sol. A shown in figure, suppose the H nucleus is located at the origin. Then, x 1 =0, X2 = 1.27

A m=1m=355
A

HO

O—

The position of the CM of HCI molecule is x = ZiXitMeXz _ 1X0+35.5X127 _ 4 935 &

Thus the CM of HCI is located on the line joining H and Cl nuclei at a distance of 1.235
A from the H nucleus.

14. A child sits stationary at one end of a long trolley moving uniformly with a speed V on a
smooth horizontal floor. If the child gets up and runs about on the trolley in any manner,
what is the speed of the CM of the (trolley + child) system?

Sol.  The forces involved in the given problem are the internal forces of the system. No

external force acts on the system when the child runs. So there will be no change in the
speed of the centre of mass of the (trolley + child) system.

B. INTRODUCTION OF ROTATORY MOTION

(1 Mark Questions)

1. A flywheel rotating at 420 rpm shows down at a constant rate of 2 rad/s. The time
required to stop the flywheel is
(a) 22s (b) 11s (c) 44s (d) 12s

Ans. (a)

2. What is a rigid body?
Sol.  Arrigid body is a solid body in which deformation is zero or so small it can be neglected.

3. When a disc rotates with uniform angular velocity, which of the following is not true?
(a) The sense of rotation remains same.
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(b) The orientation of the axis of rotation remains same.
(c) The speed of rotation is non-zero and remains same. 148
(d) The angular acceleration is non-zero and remains same.

Sol.  (d)
Angular acceleration, o. = dw/dt where o is angular velocity of the disc and is uniform or
constant. o = dw/dt = 0. Hence angular acceleration is zero.

(2 Marks Questions)
4. What is the value of linear velocity, if r=3i+4j+6k and = —5i +3j+5k ?

Sol. Here @=-5i+3j+5k r=3i+4]j+6k

-~

i ] k
V=WXF=|-5 3 5
3 4 6

=1(18-20) -7 (-30-15) +k (-20-9)
=-21+45-29k

(3 Marks Questions)

5. A constant power is supplied to a rotating disc. How is angular velocity (w) of disc varies
with number of rotations (n) made by the disc?
Sol.  WehaveP =10

OrP= I(wj—g) w or w’dw = ?d@
On integrating,

370

0P
[y 0w = 2o = [&] =216)
> [ —0]=t[0-0}w? =20

We find that o o (8)*3 or o « (n)*?.

P
I

o

(5 Marks Questions)

6. Define rotational motion of a body. Derive the following equations of rotational motion
under constant angular acceleration.

(@) o=, +at (b) 6:m0t+%at2 (©) ©° =, +2a0

Sol. A body is said to possess rotational motion if all the particles move along circles in
parallel planes. The centres of these circles lie in a fixed line perpendicular to the parallel
planes and this line is called the axis of rotation.

(a) Derivation of first equation of motion: Consider a rigid body rotating about a fixed
axis with constant angular acceleration o.. By definition,
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- do
dt

Ordo=adt...(1)
Att=0,let o= oo, Att=t, let o= o
Integrating equation (1) within the above limits of time and angular velocity, we get
[o) do = [ adt = a f; dt
Or [w]&, = aft]s
Oro [ w=a(t—0)
Oro=wo+at...(2)
(b) Deviation of second equation of motion: Let ® be the angular velocity of a rigid body
at any instant t. By definition, ® = 49

dt
Ordo=wdt...(3)

Att=0,let6=0; Att=t let6=06

Integrating equation (3) within the above limits of time and angular displacement, we get

[7d8 = [} wdt = [I(wo + at)dt [using (2)] = wo f; dt+a f; tdt
¢ t 2]

or [61§ = woltls = a[3]

Or 6 —0 = wo(t — 0) +§(t2 —-0)

Or 0 = mot + % at? ...(4)

(c) Deviation of third equation of motion: The angular acceleration oo may be expressed

as g =de_do dd _do

CT % T e et ®

Orodo=add...(5)

Att=0,0=0and o= oo (initial angular velocity)

Att=t, 06 =0and o= o (final angular velocity)

Integrating equation (5) within the above limits of 6 and ® we get

[0 odo = [ add = o[} do

or [£]” = aglg

2
w?

ores — 96— 49— 0)

2 2
Or w? — we® = 200

C. MOMENT OF INERTIA

(1 Mark Questions)

1. The moment of inertia of a body depends upon
(a) mass of the body (b) axis of rotation of the body
(c) shape and size of the body (d) all of these
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Sol. (d)
150
2. Define 1 kg m?,
Sol. 1 kg m? is the moment of inertia about a fixed axis when mass of the particle constituting
the body is 1kg an distance of the particle from the axis of rotation of the body is 1m.
3. Two masses each of mass M are attached to the end of a rigid massless rod of length L.
The moment of inertia of the system about an axis passing through centre of mass and
perpendicular to its length is

(a) ML?/4 (b) ML?/2 (c) ML2 (d) 2ML2
Sol. (b)
4. State the theorem of perpendicular axes.

Sol.  The moment of inertia of a planar body about an axis (z) perpendicular to its plane is
equal to the sum of its plane is equal to the sum of its moment of inertia about two
perpendicular axes (x) and (y) concurrent with the perpendicular axis and lying in the
plane of the body.

| = It Ix

(2 Marks Questions)

5. Define radius of gyration of a body rotating about an axis. Derive an expression for it.

Sol.  The radius of gyration of a body about a given axis is the distance of the point from the
axis of rotation where if the whole of the mass of the body were concentrated, it would
have the same moment of inertia as it has with the actual distribution of mass. It is
denoted by k.
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P

Suppose a rigid body consists of n particles of mass m each, situated at distance ru, rz, rs.,
...1n from the axis of rotation PQ is | = mri? + mr2? + mra? + ...+mrp?
=mri® +r2 +r? + ... 1%

[r2+r3+ri++r}

=mxn ] (where M = m x n = total mass of the body)
If k is the radius of gyration about the axis AB, then | = Mk?
r%+r§+r§+~~-+r%)

Therefore Mk? = I\/I( -

24r+r+-+r3 ;
k = \[@ = Root mean square distance

6. If two circular discs A and B are of same mass but of radii r and 2r respectively, then
what is the moment of inertia of A in terms that of B?

Sol.  We know that Ml of disc, | = MR?/2
Therefore | o« R?

. I_Azﬂ(R_A)Zzl(l)zzl
Ig Mg \Rp 2 4

Therefore Ia = Ig

7. State parallel axis theorem of moment of inertia. What is the moment of inertia of a (i)
ring (ii) disc about diameter?

Sol.  The moment of inertia of a body about an axis parallel to the body passing through its
centre is equal to the sum of the moment of inertia of the body about the axis passing
through the centre and the product of the mass of the body times the square of the
distance of between the two axes.

(i) The moment of inertia of a disc about any of its diameter is MR?/4.
(ii) the mass moment of inertia of a thin circular ring is | = MR?.

8. Three mass points my, mz and ms are located at the vertices of an equilateral triangle of
length a. What is the moment of inertia of the system about an axis along the altitude of
the triangle passing through m;?

Sol.  Moment of inertia is the product of mass and square of separation between particle and axis of
rotation .
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9.

Sol.

e.g, M.I=mr?
here, we see, separation of mass m1 and altitude NN'is O .
alteration between mass m, and NN’ is (a/2) also for ms separation is (a/2)
Moment of inertia about altitude passing through mi=l1+l>+I3
where Iy,l, and I3 are M.I of mg,m, and ms respectively .
M.1= m1.(0) + ma(a/2)? + ma(a/2)?
aZ

- 4(m2+m3)

State the factors on which the moment of inertia of a body depends.
The moment of inertia depends on the following:

Mass of the body.

Size and shape of the body.

Distribution of mass about the axis of rotation.

Position and orientation of the axis of rotation with respect to the body.

(3 Marks Questions)

10.

Sol.

11.

Sol.

Three identical rings, each of mass M and radius R are arranged as shown in figure. What
is the moment of inertia of the arrangement about Y'Y'?

3
P

¥

k]

Moment of inertia of ring I about YY’ = 2 MR? + MR? = 3/2 MR?

Moment of inertia of ring II about YY’ = %> MR? + MR? = 3/2 MR?

Moment of inertia of ring I1I about YY’ = > MR?

Moment of inertia of the system about YY’ = 3/2 MR? + 3/2 MR? + Y2 MR? = 7/2 MR?

Calculate the MI of a uniform circular disc of mass 500gm and radius 10cm about

(i) Diameter (ii) Axis tangent to the disc and parallel to diameter (iii) Axis passing
through centre and perpendicular to its plane.

Mass of the disc. M = 500g = 0.5kg, Radius of the disc, R = 10cm =0.1m

(1) Moment of inertia of a uniform circular disc about its diameter

lg =% MR =% x 0.5 x (0.1)? = 1.25 x 10°kg m?

(i) Moment of inertia of the disc about axis tangent to the disc and parallel to diameter.

| =1¢ x MR? =%, MR? + MR? = 5/4 MR? or | = 6.45 x 10 kg m?

(iii) Moment of inertia of the disc about axis passing through centre and perpendicular to
its plane.

| =% MR? =25 x 102 kg m?
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12. Four particles of masses 4kg, 2kg, 3kg and 5kg are respectively located at the four
corners A, B, C and D of a square of side 1m as shown in figure. Calculate the moment of 153
inertia of the system about (i) an axis passing through the point of intersection of the
diagonals and perpendicular to the plane of the square. (ii) the side AB and (iii) the
diagonal BD.

A(4kg) 1m B(2kg)

D(5kg) 1m  C(3 kg)

Sol. Here AB=BC=CD=DA=1m, OA:OB:OC:OD:%\/12+12=%m

(1) Ml of the system about an axis through O and perpendicular to the plane of the square,
2

| = 4(0A)? + 2(0B)? + 3(OC)? + 5(0D)? = (4+2+3+5) x (é) =14 x Yo = 7 kg m?

(i) MI of the system about the side AB, | = 3(BC)? + 5(AD)?=3 x 1 +5x 1 =8 kg m?

(iii) M1 of the system about the diagonal BD, | = 4(OA)? + 3(0OC)? =4 x % +3x % =35
kg m?.

13.  Three particles, each of 10g are located at the corners of an equilateral triangle of side
5cm. Determine the moment of inertia of this system about an axis passing through one
corner of the triangle and perpendicular to the plane of the triangle

Sol.  Moment of inertia due to mass passing through the axis is zero.
2mr2 =2 x 102 x 25 x 10 = 5 x 10”° kgm?,

14, (a) Find the moment of inertia of a sphere about a tangent to the sphere, given the
moment of inertia of the sphere about any of its diameters to be 2 MR?/5, where M is the
mass of the sphere and R is the radius of the sphere.

(b) Given the moment of inertia of a disc of mass M and radius R about any of its
diameters to 1 be 1/4 MR?, find the moment of inertia about an axis normal to the disc
passing through a point on its edge.

Sol.  (a) Here Ip = 2/5 MR?
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The tangent EF is parallel to the diameter CD. By the theorem of parallel axis, ler = Icp +

MR? 154
It = 2/5 MR? + MR? = 7/5MR?

(b) By the theorem of parallel axes, MI about an axis passing through an edge of t\point

and normal to the disc = MI about central normal axis + MR?

I’ =% MR? + MR? = 3/2 MR?,

D. ROTATIONAL DYNAMICS

(1 Mark Questions)

1. The Sl unit of angular momentum is
(a) kg ms? (b) Nm (c) kg m?st (d) Nm?
Ans. (c)

The SI unit of angular momentum is kg m?s*

2. When a torque acting upon a system is zero. Which of the following will be constant?
(a) Force (b) Linear impulse  (c) Linear momentum  (d) angular momentum
Ans.  (d)

3. A rigid body is said to be in partial equilibrium, when it is in

(a) transitional equilibrium only (b) rotational equilibrium only
(c) either (a) or (b) (d) neither (a) nor (b)
Ans. (c)

A rigid body is said to be in partial equilibrium when it is in translational equilibrium but
not in rotational equilibrium or when it is in rotational equilibrium but not in translational
equilibrium.

4. A disc is rotating with angular velocity ® about its axis. A force Facts at a point whose

position vector with respect to the axis of rotation is r. The power associated with the
torque die the force is given by

(a) (Fxﬁ).o“o (b) (Fxﬁ)XOG (©) ?.(ﬁxas) (d) Fx(ﬁxa)
Ans. (a)
5. Which of the following principles a circuit acrobat employs in his performance?
(a) Conservation of energy (b) Conservation of linear momentum
(c) Conservation of mass (d) Conservation of angular momentum
Ans. (d)
6. State right hand rule to find the direction of angular momentum.
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Ans.

Sol.

Sol.

Sol.

10.

Sol.

11.

Sol.

12.
Sol.

13.

Sol.

14.
Sol.

Curl the fingers of the right hand in the direction of rotation, then the thumb points in the
direction of angular momentum. 155

Why do we prefer to use wrench of longer arm?

The torque applied on the nut by the wrench is equal to the force multiplied by the
perpendicular distance from the axis of rotation. Hence to increase torque a wrench of
longer arm is preferred.

Is it difficult to open the door by pushing it or pulling it at the hinge. Why?

When the force is applied at the hinges, the line of action of the force passes through the
axis of rotation, i.e., r = 0 so t = rF sin6 = 0. So, we cannot open the door by pushing or
pulling it at the hinges.

Why a force is applied at right angles to the heavy door at the outer edge while closing or
opening it?

Torque, T = rF sinb. For a force applied at right angle to the outer edge of the door both
sind (= sin90° = 1) and r are maximum. Hence the torque produced is maximum.

A faulty balance with unequal arms has its beam horizontal. Are the weights of the two
pans equal?

They are of unequal mass. Their masses are in the inverse ratio of the arms of the
balance.

Which physical quantities are expressed by the following: (i) the rate of change of
angular momentum, and (ii) moment of linear momentum?
(1) Torque (ii) Angular momentum.

If the earth were to shrink suddenly, what would happen to the length of the day?
When the earth shrinks, the moment of inertia (I = 2/5 MR?) decreases about its own axis

due to the decrease in radius R. To conserve angular momentum, (L = lo = I.Z?“), the time
period T decreases. That is, the length of the day increases.

Two identical particles move towards each other with velocity 2v and v respectively.
What is the velocity of the centre of mass?
Heremi=my;=m;v=2vand vy =- V.

. _myvi+myvy  mx2v+m(-v) v
< Vem = = ==

m+m m+m 2

What is torque? Give its Sl unit.
The turning effect of a force about the axis of rotation is called of moment of force or
torque due to the force.
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Torque = Force x its perpendicular distance from the axis of rotation
Or t = Force x moment arm = F.
Its SI unit is Newton-meter or kgm?sec™?.

15.  Which physical quantity is represented by the product of moment of inertia and angular
velocity?

Sol.  Moment of inertia of a body is the rotational inertia of the body. It is the rotational
analogue of mass in linear motion.

16. Define the term moment of momentum.
Sol.  Itis equal to the product of linear momentum and the perpendicular distance of its line of
action from the axis of rotation.

17. A Merry-go-round, made of a ring-like platform of radius R and mass M, is revolving
with angular speed ®. A person of mass M is standing on it. At one instant, the person
jumps off the round, radially away from the centre of the round (as seen from the round).
The speed of the round afterwards is
(a) 2w (b) (c) /2 (@0

Sol. (d)

As there is external torque acting on the system, angular momentum should be conserved.
Hence, o = constant ...(1)

Where | is moment of inertia of the system and w is angular velocity of the system.

Form eq. (i), lio = loe where w1 and w are angular velocities before and after jumping.
(since I = mr?) so, given that, m; =2M, m; =M, @1 = ®, @ = 2, r1 =2 = R, miri?m
=Mara?me

2MR?w = MR%w;, as ,ass reduced to half, hence moment of inertia also reduced to half.

(2 Marks Questions)

18.  If r=2i+3jand F = 4i—3], then find the magnitude of torque.
Sol. r=2i+3jandF=4i-3j

O L
T=rxF=1[2 3 o
4 -3 0

—

[0]-J[o] + K [-6-12] =- 18K

Hence magnitude of T |F X F| = |- 18k| =18.

19.  The position of a particle is given by r=i+2j—kand its linear momentum is given by

p =3i+4j—2K. In which axis its angular momentum, about the origin is perpendicular?
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i j k
1 2 -1
3 4 -2
=i (-4+4)—j(-2+3)+k(4—6)=01—1j - 2k

L has components along y axis and — z axis but it has no component along the x axis. The
angle of momentum in y z plane i.e. perpendicular to x axis.

-

Sol. L=rfxp=

20. How a ballet dancer does take the advantage of the principle of conservation of angular
momentum?

Sol.  During the course of their performance a ballet dancer take advantage of the principle of
conservation of angular momentum i.e., lo = constant, by stretching out arms and legs or
vice versa. In doing so, their moment of inertia increases or decreases. Hence angular
velocity w of their spin motion decreases or increases accordingly.

21.  Asolid sphere rolls down an inclined plane. Find the ratio of its rotational kinetic energy,
the total kinetic energy.

Sol.  Translational kinetic energy, Et = % mv?
Rotational kinetic energy, Er = ¥ 1o’
Total energy, E = E1 + Er =% mV? + ¥ |o?
= Yo mv? + Y% x 2/5 mr? x v2/r?
=Y mv2 + 1/5 mv? = 7/10 mv?
Er/Et = (1/5 mv)/(7/10mv?) = 2/7 = Er/Et = 2/7

22.  Find the torque of force 7i—3j—5k about the origin which acts on a particle whose
position vector is i+j—k .
Sol. HereF=7i-3j-5k and#=1i+]-k

. i j k
T=rxF=1|1 1 -1
7 -3 =5

23.  To maintain a rotor at a uniform angular speed of 200 rad s, an engine needs to transmit
a torque of 180 Nm. What is the power required by the engine?

Sol.  Here ® =200 rad s, t = 180Nm
Therefore, Power, P = Tt = 180 x 200 = 36,000W = 36 kW.

24. A metre stick is balanced on a knife edge at its centre. When two coins, each of mass 5¢g
are put one on top of the other at the 12.0 cm mark, the stick is found to be balanced at
45.0 cm. What is the mass of the metre stick?

Sol.  As the metre stick balances at 50.0 cm mark, its CG must lie at this mark.
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The 45.01cm mark is the CG of the metre stick + 2 coins system.

Let m be the mass of the meter stick. 158
Distance between 50.0 cm mark and new CG =50.0 - 45.0 =5.0 cm

Distance between 12.0 cm mark and new CG =45.0 - 12.0 = 33.0 cm

From the principle of moments (for equilibrium), mg x 5.0 = (2 x 5) x g x 33.0

_ 2x5x33.0 _
Orm= 0 - 66.0g

(3 Marks Questions)

25.

Sol.

26.

Sol.

Define torque. Derive an expression for it in Cartesian coordinates.
We know that 7= F'x F
If ¥ =xi +yj +zk and F = Fud + Fyj + F-k, we have

i 7 k
T=td+nj+rk =[x y =z

F, F, F,
=1 (yF, — zFy) —§ (XFz — ZFx) + k (XFy — yFx)
Comparing the coefficient of 1, j and k we have t; = XFy - yFx.

A 3m long ladder weighing 20kg leans on a frictionless wall. Its feet rest on the floor 1m
from the wall as shown in figure. Find the reaction forces of the wall and the floor.

The ladder AB is 3m long, its foot A is at distance AC = 1m from the wall.

Using Pythagoras theorem, BC = vVABZ — AC2 = V32 — 12 = 24/2m

The forces acting on the ladder are:

1. Its weight W acting on the centre of gravity D.

2. Reaction force F1 of the wall. It acts perpendicular to the wall because the wall is
frictionless.
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3. Reaction force F. of the floor. This floor can be resolved into two components: the
normal reaction N and the force of friction f. The friction prevents the ladder sliding 159
away from the wall and hence acts towards the wall.

For translational equilibrium, balancing the forces in the vertical direction, N =W

Balancing the forces in the horizontal direction, f = F;

For rotational equilibrium, we consider the moments about the point A.

Clockwise moment = Anticlockwise moment, F1 x BC = W x AE

OrFix2V/2=Wx 1

But W =20g =20 x 9.8 = 196.0N

~N=W=196.0N
W _ 1960 _
Fl—m— " = 34.6N
f=F1=34.6N and F2 = Vf? + N2 = v/34.62 + 1962 = 199.0N
If the force F> makes angle o with the horizontal, then tan o = N =42 =56568

- =
Therefore o = 80°.

27. A flywheel of mass 25kg has a radius of 0.2m. What force would be applied tangentially
to the rim of the flywheel so that it acquires an angular acceleration of 2 rad s?

Sol. Here M =25kg, R=0.2m, oo =2 rad s?
M1 of the flywheel about its axis, | = % MR? = % x 25 x (0.2)? = 0.5 kg m?

Astorque,t=F R=la

I 0.5%2
So, Force, F=—= = =
R 0.2

SN

28. A grindstone has moment of inertia of 6 kg m? A constant torque is applied and the
grindstone is found to have a speed o f150 rpm, 10 seconds after starting from rest.
Calculate the torque.

Sol. Here I =6 kg m? t=10s, ao =0, v = 150rpm = 150/60 rps = 5/2 rps, » = 2wV = 21 X 5/2

=5nrad s?,
- 51—0 _
o =220 = 20— Tppd 52
t 10 2

Torque, T = lo. = 6 xg:3n Nm.

29.  Arring of diameter 0.4m and mass 10kg is rotating about its axis at the rate of 2100 rpm.
Find (i)moment of inertia (ii) angular momentum and (iii) rotational KE of the ring.
Sol. Here R=0.4/2=0.2m, M = 10kg, v = 2100rpm = 2100/60 =rps = 35s™.
S w=2nv=2x22/7x35=220rad s’
(i) M1 of the ring about its axis, | = MR? = 10 x (0.2)? = 0.4 kg m?.
(i) Angular momentum, L = lo = 0.4 x 220 = 88 kg m?s!
(iii) Rotational KE =¥ lw? = % x 0.4 x (220)? = 9680J
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30.

Sol.

31.

Sol.

Explain if the ice on the polar caps of the earth melts, how will it affect the duration of
the day?

If the ice on the polar caps of the earth melts, the water so formed will spread on the
surface of the earth. This increases the moment of inertia (1) of the earth about its own
axis (due to change in the distribution of mass of the particles of water going away from
the axis of rotation). To conserve angular momentum ( = lw), ® (angular velocity of the
earth about its own axis) will decrease. As T = 2n/®, hence due to decrease in the value
of o, T i.e., the duration of the day will increase.

Establish the relation between torque and angular acceleration. Hence define moment of
inertia.

Relation between torque and moment of inertia: When a torque acts on a body capable of
rotation about its axis, it produces an angular acceleration in the body. If the angular
velocity of each particle is o, then the angular acceleration, o = dw/dt will be same for all
the particles of the body. The linear acceleration will depend on heir distances ri, r2=,
...rn from the axis of rotation.

Rotation D w

As shown in figure, consider a particle P of mass m; at a distance rifrom the axis of
rotation. Let its linear velocity be vi.

Linear acceleration of the first particle, a1 = ria

Force acting on the first particle, F1 = miria

Moment of inertia F1 about the axis of rotation is t1 = Firi = miri? o

Total torque acting on the rigid body is

T = T1 + T2+ 13 + BRRT,

= mari®o0+ M2r2? o + Mars? o+ ...+ mafn? o

= (Mari? + mar2? + mars? + mare?)o

= (Z mrd)a

But = mr? = I, moment of inertia of the body about the given axis, t = la.

Torque = Moment of inertia x Angular acceleration

Whena=1,1=1

Thus moment of inertia of a rigid body about an axis of rotation is numerically equal to
the external torque required to produce unit angular acceleration in the body about that
axis.
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32.

Sol.

33.

Sol.

34.

Sol.

State and prove the principle of conservation of angular momentum.

Law of conservation of angular momentum: Suppose the external torque acting on a rigid
body due to external forces is zero. Then t = dL/dt = 0.

Here L = constant

So, when the total external torque acting on a rigid body is zero, the total angular
momentum of the body is conserved. This is the law of conservation of angular
momentum.

Clearly, when t = 0. L = lo = constant

Or liom= lomz

This means that when no external torque is acting, the angular velocity o of the body can
be increased or decreased by decreasing or increasing the moment of inertia of the body.

Find the components along the X, y, z-axes of the angular momentum Tof a particle,
whose position vector is ¥ with components X, y, z and momentum is p with components
Px, Py and pz. Show that if the particle moves only in the x-y plane the angular momentum
has only a z- component.

We can write I = L + iyj + ik

F=xi+yj+zkand p = pd + pyj + pk

Butl=¢xp

= (X + yj +zK) x (pd + pyj + p-k)

1 7 k
=|lx y z
Px Py Pz

or i + Lj + Ik

=1 (yPz2—2Py) +7 (2Ppx = XP2) + k (Xpy — yPx) i
Comparing the coefficients of 1, j and k on the two sides, we et the components of 1 as
follows: Iy = yp; — zpy; ly = zpx — Xpz and |, = Xpy — ypx

If the particle is constrained to move only in the xy plane, then z = 0 and p; = 0. Hence 1
= Kk (Xpy — yPx) A i
As only the unit vector k corresponding to z direction survives, the angular momentum 1
has only a z component.

Two particles, each of mass m and speed v, travel in opposite directions along parallel
lines separated by a distance d. Show that the vector angular momentum of the two
particle system the same whatever be the point about which the angular momentum is
taken.

As shown in figure, suppose the two particles move parallel to the y axis.
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35.

Sol.

1 162

m,

@,

m

Total angular momentum of the two particles system about O is
1

:i)1+i)221_‘>1><f)>1+1_'>2x[_)>2

Xi % (-mv)j + (x+d)1x (mv)]j

(-mvx)ixj + (mvx+mvd)ixj

= (- mvx + mvx + mvd) k

= mvd k [since 1 x j =K]

Clearly I does not depend on x and hence on the origin O. Thus the angular momentum of
the two particle system is same whatever be point about which the angular momentum is
taken.

A non-uniform bar of weight W is suspended at rest by two strings of negligible weight
as shown in Fig. The angles made by the strings with the vertical are 36.9° and 53.2°
respectively. The bar is 2 m long. Calculate the distance d of the centre of gravity of the
bar from its left end.

Tyeos 36.9°  Tjeos 53.1°
A A

‘ -
Tysin 36.9°

o
Tysin 53.1°

For translational equilibrium, on balancing the vertical components of forces, we get
T1c0S0 + Tocoshp =W ...(1)

On balancing the horizontal components, we get,

T1SiN0 = Tasing ...(2)

For rotational equilibrium, we balance he torques about the CG of the bar.
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36.

Sol.

37.

Sol.

Clockwise torque = Anticlockwise torque
T1c080 X d = T2 cosd % (2—d) ...(3)
Dividing (3) by (2) we et

d cot 6 = (2- d) cot ¢

ord cot 36.9° = (2 —d) cot 53.1°

ord cot 36.9° = (2 — d) tan 36.9°
ordx4/3=(2-d)x%

or1l6d =18-9d

ord=18/25=0.72m =72cm

A car weighs 1800 kg. The distance between its front and back axles is 1.8 m. Its centre
of gravity is 1.05 m behind the front axle. Determine the force exerted by the level
ground on each front wheel and each back wheel.

Let Ng and Nr be the total reaction forces exerted by the level ground on front and back
wheels respectively. The situation is shown in figure.

N;

+ A
- 18m ——M_|
ft———~ 1,05 Myttt *nt

For translational equilibrium of the car,
Nr + Ng =W = 1800 x 9.8N

Or Nr + Ng = 17640N

For rotational equilibrium of the car,
1.05NF = 0.75 NB

Or 1.05NF = 0.75(17640 — NF)

Or 1.8Nr = 13230

Or Nr =13230/1.8 = 7350N

And Ng = 17640 — 7350 = 10290 N
Force on front wheel = 7350/2 = 3675N
Force on back wheel = 10290/2 = 5145N

Torques of equal magnitude are applied to a hollow cylinder and a solid sphere, both
having the same mass and radius. The cylinder is free to rotate about its standard axis of
symmetry, and the sphere is free to rotate about an axis passing through its centre. Which
of the two will acquire a greater angular speed after a given time?

Let M and R be mass and radius of the hollow cylinder and the solid sphere. Then

M1 of hollow cylinder about its axis of symmetry, 11 = MR?

MI of solid sphere about an axis through its centre, I, = %MR2
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Let a1 and a2 be angular accelerations produced in the rotational motion of the cylinder

and the sphere on applying torque 7 in each case. Then 164
==

And o = SM‘R =25 =250

As 2> a1 and ® = wo + at, so the solid sphere will acquire a greater angular speed after

a given time.

38. A solid cylinder of mass 20 kg rotates about its axis with angular speed 100 rad s™. The
radius of the cylinder is 0.25 m. What is the kinetic energy associated with the rotation of
the cylinder? What is the magnitude of angular momentum of the cylinder about its axis?

Sol. Here M =20kg, =100 rad s?, R = 0.25m
M1 of the cylinder about its own axis, | =% MR? =% 20 x (0.25)2 = 0.625 kgm?
Rotational KE = % lw? = % x 0.625 x (100)? = 3125J.

Angular momentum, L = I = 0.625 x 100 = 62.5 kg m? s,

39. A rope of negligible mass is wound round a hollow cylinder of mass 3 kg and radius 40
cm. What is the angular acceleration of the cylinder if the rope is pulled with a force of
30 N? What is the linear acceleration of the rope? Assume that there is no slipping.

Sol.  Here M =3kg, R =40cm = 0.40m, F = 30N,
Torque, T =F x R =30 x 0.40 = 12Nm

M1 of the hollow cylinder about its own axis, | = MR?= 3 x (0.40)? = 0.48 kg m?

12

Angular acceleration, o :% =" 25 rad s,

Linear acceleration, a = Ra = 0:40 x 25 =10 ms=.

40.  The oxygen molecule has a mass of 5.30 x 1026 kg and a moment of inertia of 1.94 x 10-
45 kg m? about an axis through its centre perpendicular to the lines joining the two atoms.
Suppose the mean speed of such a molecule in a gas is 500 m/s and that its kinetic energy
of rotation is two thirds of its kinetic energy of translation. Find the average angular
velocity of the molecule.

Sol.  Rotational KE = ; Translational KE

21

1
Or=lw?®==.= mv?
2 3 2

_ 2m _ 2x5.30x10~26
Ore=vx |3=500x |-
=500 x vV1.82 x 1020 =500 x 1.35 x 10'° rad s*
=6.75 x 16% rad s™.

(5 Marks Questions)

41.  (a) Derive an expression for torque on polar coordinates.
(b) A torque of 20 Nm is applied on a wheel initially are rest. Calculate the angular
momentum at the wheel after 3s.

Sol. (a)
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165

Let a single particle whose position with reference to the origin O of the two dimensional
coordinates system is given by position vector . Let O be the angle between OP and x
axis and the location of the particle be P(X, y). Suppose the force F applied on the particle
at P(x, y) then angle made by the applied force with positive direction of x axis is ¢
Therefore Fx = F cos ¢ and Fy = F sin ¢

Now torque, T = yFx + XFy = - yF cos ¢ + xFsin ¢

Butx=rcos6andy=rsin0

Therefore t =r sin 6 (cos ¢) + (r cos 6)(f sin ¢)

Ort=rFsing cosO—rFcos¢sind

Or 1 = rF(singcosd — cosdsind) = rFsin(¢ [J B) or Fsing [since sin (A — B) = sinAcosB —
cosAsinBand6+¢=¢ —0]

As d -=r sing [d = perpendicular distance of the line of action of the force from the origin
Q]

Therefore t = Fd

The force F at P can be resolved into two rectangular components: radial and tangential.
The radial component has no turning effect, so this is irrelevant. However, the rectangular
component Fo is perpendicular to radial component F, is responsible for turning effect.
Fo=Fsin(¢ [0 06) ~t=rFoort=For

So, torque is the product of transverse component of force and the distance from the axis
of rotation.

(b) As® ===+ dL = 7dt
In magnitude, dL = tdt
As wheel is initially at rest, then fOL dL = f03 tdtor |L| =20 x 3=6 kg m? s,
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42. A flywheel of mass 25 kg has a radius of 0.2m. It is making 240rpm. What is the torque
necessary to bring it to rest tin 20s? If the torque is due to a force applied tangentially on 166
the rim of the flywheel, what is the magnitude of the force?

43. A cord of negligible mass is wound round the rim of flywheel of mass 20kg and radius
20cm. A steady pull of 25N is applied on the cord as shown in figure. The flywheel is
mounted on a horizontal axis with frictionless bearings.

M=20kg
R=20cm

WF=25N

(a) Compute the angular acceleration of the wheel.
(b) Find the work done by the pull, when 2m of the cord is unwind.
(c) Find also the kinetic energy of the wheel at this point. Assume that the wheel starts
from rest.
(d) Compare answers to parts (b) and (c).
Sol. (a) Torque, Tt =FR = 25N x 0.20m = 5.0 Nm

2 2
Moment of inertia of the wheel about its axis, | = M; = ZOX(E'ZO) = 0.4 kgm?
Ast=la
Therefore o= £ = >N = 12 5 rad 52,
I 0.4kg m

(b) Work done by the pull unwinding 2m on the cord = 25N x 2m = 50J.
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Length of unwound strin 2m
£ £ — = 10rad
Radius of the wheel 0.20m 1 67

(c) Angular displacement of the wheel, 6 =

As the wheel starts from rest, wo = 0

Final angular velocity o is given by o? = wo? + 200 = 0 + 2 x 12.5 x 10 = 250(rad s)?
Therefore KE gained = % lo? = % x 0.4 x 250 = 50J.

(d) The answers are same, i.e. Kinetic energy gained by the wheel = work done by the
force. There is no loss of energy due to friction.

44, Prove that the rate of change of total angular momentum of a system of particles about a
reference point is equal to the total torque acting on the system.

Sol.  Consider a system of n particles, Let L1, Lo, Ls, .... be the angular moments of the various
particles about the origin O of a reference frame. The total angular momentum of the
system about the point O is given by the vector sum of angular moments of all the
individual particles. Thus
i = fl + f2+ fn
=T1XP1+T2 X P2+ ...+ Tn X P
OrL=Y",L, =Y", % X P,

Similarly the total torque acting on the system is equal to the vector sum of the torques of

all the particles about the origin O. Thus

gotal = F 4 R 4o+ T, = X Fy +F2 X F2+ ...+ P % By

Orzgwotal = yn 2 =¥yn ¢ xF,

The total torque acting on the system is due to two sources (i) Torques exerted on the

particles of the system by mutual internal forces between the particles (ii) Torques

exerted on the individual particles of the system of the external forces.

According to Newton’s third law, the internal torque on the system due to internal forces

is zero because the forces between any two particles are equal and opposite and directed

along the line joining the two particles. Hence the total torque is due to external forces

only. So we have Tt = Text = yn et

This is accordance with the common experience — bodies do not start spinning on their

own without external forces acting on them. Hence if the angular momentum of a system

changes with time, this change can be due to the torques produced by external forces
dL

only. So we can write T¢Xt = -

Thus the rate of change of total angular momentum of a system of particles about a fixed
point is equal to the total external torque acting on the system about that point.

45, Derive an expression for the total work done on a rigid body executing both translational
and rotational motions. Hence deduce the condition for the equilibrium of the rigid body.
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Sol.  Expression for work done in combined rotational and translational motions: A rigid body
can have only two kind of motions: translational and rotational. In translational motion, 168
all the particles of the rigid body move with the same velocity vo, without rotating.
In small time interval, At each particle covers a displacement given by AS = vy At

In rotational motion, every particle of the rigid body rotates about the axis of rotation
with the same angular velocity . As shown in figure we choose the origin O ion the axis
of the rotation.

V=r,w = wrsin 0

where r; = r sin 0 is the perpendicular distance of the particle from the axis of rotation
and 0 is the angle between t and the axis of rotation. In vector rotation,

V=w Xt

The direction of v is perependicualr to both w and T. the direction of w is determined buy
right hand rule. If we curl the fingers of our right in the direction of rotation of the
particle, then the extended thumb gives the direction of the angular velocity vector w.
Displacement covered by the rotating in small time interval At

“VAt=GBXPAL= (B A XE=A x T

Where A$ = w At = the small angular displacement0

So, when the rigid body rotates with angular velocity w and translates with velocity vo,
the displacement of any point of ¥ of the rigid body is given by

AP = VoAt + @ At X £ = AS + A X T

The work done by an external force F acting on point T is given by

AW= F.AF=F.(A3+APp xB) =FAZ+E.(A P xD)

As the scalar triple product is cyclic, so

F.(A xB) = 2.(F x AP) = Ad.(T xF) = Ap. T=T.AD

where % =7 x F is the torue acting on the particle

So, AW=FAZ+TA
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When a number of force F; act on different points 1 of the rigid body, the total work done
on the rigid body will be W = (SF}) .AS + (SF1).A ¢

For the rigid body to be in equilibrium the work done in the displacement plus rotation
should be zero for all choices of As and Aq_ﬁ. We therefore obtain the condition
SFi=0and Tt =0

Hence for a rigid body in equilibrium the sum of the forces acting on it must be zero and
the sum of torques acting on it must be zero.

46.  Two discs of moments of inertia 11 and I, about their respective axes (normal to the disc
and passing through the centre), and rotating with angular speed m: and w. are brought
into contact face to face with their axes of rotation coincident, (a) What is the angular
speed of the two-disc system? (b) Show that the kinetic energy of the combined system is
less than the sum of the initial kinetic energies of the two discs. How do you account for
this loss in energy? Take «; not equal to .

Sol. () Let o be the angular speed of the two disc system. Then by conservation of angular
momentum, (I1 + I2)® = lio+ Lo

Or — 11(1)1"1'120.)2

(b) Initial KE of the two discs, Ki = 1, % += 1,0}
Final KE of the two disc system, K, = % (1; + ) w?

1 I 01+ 07) 2
=5 (1 + 1) (e 2“’2)

I+

LOSS |n KE = Kl K2 - (110)1 + 120)2) - (11(1)1 + 12(,02)2

2(I +15)

= [Zw? + L Lws + L Lw? + Ew; — (Fw? + Ews + 2I;,0;w0,)]

2(1 +1,)
1
= 20+, [LLws + LLof— 2 Lo;w,]
11,
EYS )( 24+ w5 —2ww,)

= il (w; — w,)? = a positive quantity [Since w1 # 2]
2(11+13)

Hence there is a loss of rotational KE which appears as heat. When the two discs are
brought together, work is done against friction between the two discs.

E. ROLLING MOTION
(1 Mark Questions)

1. Work done by friction during pure rolling motion of a ball on Rough surface is zero.
(True or False).

Ans. False. The work done depend upon frame of reference. From the frame where lowest
point is moving then the work done is zero.
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2.

Sol.

Friction is required but necessary for rolling. (True or False).
True. As Friction provides the necessary tangential force and torque.

(2 Marks Questions)

3.

Sol.

Determine the total kinetic energy of a rolling object.

For a rolling object, the total kinetic energy is the sum of its rotational kinetic energy and
translational kinetic energy. Translational Kinetic Energy: The kinetic energy of an object
due to its linear motion is known as translational kinetic energy.

(3 Marks Questions)

4.

Sol.

Sol.

Sol.

A cylinder of mass 10kg and radius 15cm is rolling perfectly on a plane of inclination
30°. The coefficient of friction u = 0.25. (a) How much is the force of friction on acting
on the cylinder? (b) What is the work done against friction rolling down? Take g=10ms=,
Moment of inertia of the cylinder about its geometric axis=1/2 mr?

Acceleration of the cylinder is given as a = %ﬁ;‘; = %gsin30° = 3.27m/s?

(@) Using Newton's Second Law, we can write, fre=ma

=mgsin30o —f=ma

= f=49N-32.7N = 16.3N

(b) During rolling, the instantaneous point of contact with the plane comes to rest. Hence, the
work done against frictional force is zero.

A solid sphere rolls down two different inclined planes of the same heights but different
angles of inclination, (a) Will it reach the bottom with the same speed in each case? (b)
Will it take longer to roll down one plane than the other? (c) If so, which one and why?

Acceleration of the rolling sphere, a = gSiize
(1+73)
R
Velocity of the sphere at the bottom of the inclined plane, v= |25,
(1+33)

(a) Yes, the sphere will reach the bottom with the same speed v because h is same in both
cases.

(b) Yes, the sphere will take longer time to roll down one plane than the other.

(c) The sphere will take larger time in case of plane with smaller inclination because the
acceleration a o< sin 6.

A hoop of radius 2 m weighs 100 kg. It rolls along a horizontal floor so that its centre of
mass has a speed of 20 cm/s. How much work has to be done to stop it?

Here R = 2m, M = 100Kg, Vem = 20 cms™ = 0.20 ms™*

Work required to stop the hoop = Total KE of the hoop

= Rotational KE + translational KE

=1 I(,OZ + 1 mvzcm
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Sol.

Sol.

1 em\2 1
=2 X MR? x (*22)" 4 2 M(ve)?
= M2 = 100 x (0.20)2 = 4J.

A solid cylinder rolls up an inclined plane of angle of inclination 30°. At the bottom of
the inclined plane the centre of mass of the cylinder has a speed of 5 mi/s.
(a) How far will the cylinder go up the plane?

(b) How long will it take to return to the bottom?

(a) Total initial kinetic energy of the cylinder, Ki = Y2 MvZcym + % lem o
:1/2Mv2cm+1/z><1/zMR2><%“

=15 MV%cm + Y4 MVem = % MvZewm

Initial potential energy, Ui = 0, Final kinetic energy, K¢s=0

Final potential energy, Us = Mgh = mgs sin 30° = %2 Mgs

Where s is the distane travelled up the incline and h is the vertical height covered above

the bottom
Gain in PE = Loss in KE

— 2 _3vu _ 3x(5)% _
Y2 <gs = ¥ Mv-ecm = 2 2x98 - 3.8m
(b) Using equation of motion for the motion up the m\incline, we get
O=vecm+atora= —-M

Also, 0% — v?cm = 2as

2
V
Ora=—-M
2s
. VCMZVgM
‘ 2 2 2x3.8
S X3.
Ort=—-= =1.5s
vem

Total time taken in returning to the bottom =2 x 1.5 = 3.0s.

Explain why friction is necessary to make the disc roll (refer to Q. 5, Section F) in the
direction indicated.

(a) Give the direction of frictional force at B, and the sense of frictional torque, before
perfect rolling begins.

(b) What is the force of friction after perfect rolling begins?

To roll a disc, a torque is required which in turn requires a tangential force to act on it. As

the force acting on the disc, so it is necessarily required for the rolling of a disc.

(a) Frictional force at B opposes the velocity of B. Therefore, frictional force is in the
same direction as the arrow. The sense of frictional torque is such as to oppose the
angular motion. By right hand rule, both wo and T act normal to the plane of paper, wo
into the plane of paper and T out of the paper.

(b) Frictional force decreases the velocity of the point of contact B. Perfect rolling begins
when this velocity is zero. Once this is, the force of friction is zero.

(5 Marks Questions)
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9. Obtain the expression for the linear acceleration of a solid cylinder of radius ‘R’ rolling
down an inclined plane. Also find the frictional force acting between the solid cylinder 172
and the plane.

Sol.

The external forces acting on the cylinder are (i) The weight Mg of the cylinder acting
vertically downwards through the centre of mass of the cylinder. (ii) The normal reaction
N of the inclined plane acting perpendicular to the plane at P. (iii) The frictional force f
acting upwards and parallel to the inclined plane. The weight Mg can be resolved into
two rectangular components. (a) Mg cos 0 perpendicular to the inclined plane (b) Mg sin
0 acting down the inclined plane. As ther is mo m,otion in direction normal to the incline
plane, so

N = Mg cos 0

Applying Newton’s second law to the linear motion of the centre of mass, the net force
on the cylinder rolling down the inclined plane is

F=Ma=Mgsind—f...(i)

It is only the force of friction f which exerts torque t on the cylinder and makes it rotate
with angular acceleration a. It acts tangentially at the point of contact P and has lever arm
equal to R.

Therefore, t = Force x Force arm = f.R

Also, t = MI x angular acceleration = lo.
— _la_Ta .~ _a

So,fR—Igorf— oy [.. _RJ .

From putting the value of f in equation (i) we get

Ma:MgSine-%::azgsinﬂz 2

MR?2
Ora+1—a-gsineora[1 +i] =gsin@
MR?2 MR?2
_ gsin®
- 1
1+—MR2

Moment of inertia of the solid cylinder about its axis = % MR?

! !
So,a= gT;RZ ora=2/3gsin6
2

1+ MRZ

Clearly the linear acceleration of a solid cylinder rolling down an inclined plane is less
that the acceleration due to gravity g(a < g). The linear acceleration of the cylinder is
constant for a given inclined plane (or given 0) and is independent of the mass M and R.

Er. Ujwal Kumar (Physics Mentor for NEET/ JEE-Mains, Adv/ KVPY/OLYMPIAD/CBSE)



The value of force of friction is F = Mg sin6 - Ma
=Mgsin6 - M.g gsin® = éMg sin .

10. Read each statement below carefully, and state, with reasons, if it is true or false:
(a) During rolling, the force of friction acts in the same direction as the direction of
motion of the CM of the body.
(b) The instantaneous speed of the point of contact during rolling is zero.
(c) The instantaneous acceleration of the point of contact during rolling is zero.
(d) For perfect rolling motion, work done against friction is zero.
(e) A wheel moving down a perfectly frictionless inclined plane will undergo slipping
(not rolling) motion.

Sol.  (a) True. When a body rolls, the force of friction acts in the same direction as the

direction of motion of the CM of the body.

(b) True. A rolling body can be imagined t the rotating about an axis passing through the
point of contact of the body and the ground. Hence the instantaneous speed of the point
of contact is zero.

(c) False. As the body is rotating, its instantaneous acceleration cannot be zero.

(d) True. Perfect rolling begins when force of friction is zero. So work done agains
friction is zero.

(e) True. On a perfectly frictionless inclined plane, there is no tangential force of friction.
So the wheel cannot roll. It will simply slip under the effect of its own weight.

F. Case Study

1. Quantization: In Physics some measurable quantities are quantized. A physical quantity is
said to be quantized if it can have only discrete (not continuous) values. Some examples
of quantities which are quantized are mass, charge and energy. For sub atomic particles
(called fundamental particle) the angular momentum is quantized, Fundamental particles
such as electrons and protons have a certain intrinsic angular momentum of their own.
The angular momentum is called spin angular momentum. The spin angular momentum

of a fundamental particle is quantized and its value is given by S = n% where h is the

Planck’s constant = 6.63 x 103* HS and n is a number called the spin quantum number.
The value of n for electrons, protons, positrons and antiprotons can be + % and — %.
Pions have n = 0.

Q) Which of the following is not quantized?
(a) Mass (b) Energy (c) Linear momentum (d) charge

Sol.  The correct choice is c.

(i) Choose the correct statements from the following:
(a) Electric charge on a charged body can only be an integral multiple of the smallest
possible charge
(b) Energy can have only discrete values
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(c) The spin angular momentum of an electron can be + h/4x or — h/4x.
(d) The spin angular momentum of a pion is + h/4x or — h/4x.
Sol.  The correct choices are a, b and c. The spin angular momentum of a pion is zero.

G. ASSERTION REASON TYPE QUESTIONS

(a) If both assertion and reason are true and reason is the correct explanation of assertion.
(b) If both assertion and reason are true but reason is not the correct explanation of

assertion.
(c) If assertion is true but reason is false (d) If both assertion and reason are false
(e) If assertion is false but reason is true
1. Assertion: When a body is dropped from a height explodes in mid air, but its centre of

mass keeps moving in vertically downward direction.
Reason: Explosion occur under internal forces only. External force is zero.

Ans.  (a) Both assertion and reason are true and reason is the correct explanation of assertion.
Explosion is due to internal forces. As no external force is involved, the vertical
downward motion of centre of mass is not affected.

2. Assertion: Power associated with torque is product of torque and angular speed of the
body about the axis of rotation.

Reason: Torqgue is equal to rate of change of angular momentum.

Ans. (b) Both assertion and reason are true but reason is not the correct explanation of
assertion.
Power = Work done/time. In rotatory motion torque is analogous to force.

0 .
“P= TT = T X w. In rotatory motion.

P :% = F X v. In translator motion.

3. Assertion: A helicopter must necessarily have two propellers.

Reason: Two propellers are provided in helicopter in order to conserve linear momentum.

Ans.  (c) Assertion is true but reason is false.

If there are only one propeller in the helicopter, the helicopter itself, would have turned in
opposite direction of the direction of propeller due to conservation of angular momentum.
Thus two propellers provide helicopter a steady movement.

4. Assertion: A person standing on a rotating platform suddenly stretched his arms, the
platforms slows down.

Reason: A person by stretching his arms increases the moment of inertia and decreases
angular velocity.

Ans. (@) Both assertion and reason are true and reason is the correct explanation of assertion.
On stretching arms, his moment of inertia (- MR?) increases. As no torque has been
applied, therefore, from conservation of angular momentum, lo = constant. As |
increases, o decreases, i.e., the platform slows down.

5. Assertion: The centre of mass of uniform triangular lamina is centroid.
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Ans.

Reason: Centroid is centre of symmetry of mass of the triangular lamina.
(a) Both assertion and reason are true and reason is the correct explanation of assertion.

H. CHALLENGING PROBLEMS

1.

Sol.

Sol.

(a) A child stands at the centre of a turntable with his arms outstretched. The turntable is
set rotating with an angular speed of 40 rev/min. How much is the angular speed of the
child if he folds his hands back and thereby reduces his moment of inertia to 2/5 times the
initial value? Assume that the turntable rotates without friction, (b) Show that the child’s
new Kinetic energy of rotation is more than the initial kinetic energy of rotation. How do
you account of this increase in kinetic energy?

(a) Here @1 =40rpm, I, =2/5 11

By the principal of conservation of angular momentum,

liw1 = by or I1x 10 = 2/5 |1y or @ = 100 rpm.

(b) Initial kinetic energy of rotation, % lia? = % 11(40)? = 800l;

Now kinetic energy of rotation= % low,? = ¥ x 2/3 I, = (100)? = 2000l;

New KE 2000 14
o — = =2.5.

Inital KE 800 14
Thus the child’s new kinetic energy of rotation is 2.5 times its initial kinetic energy of
rotation. This increase in Kinetic energy is due to the internal energy of the child which he
used in folding his hands back from the out stretched position.

As shown in Fig. the two sides of a step ladder BA and CA are 1.6 m long and hinged at
A. A rope DE, 0.5 mis tied halfway up. A weight 40 kg is suspended from a point F, 1.2
m from B along the ladder BA. Assuming the floor to be friction less and neglecting the
weight of the ladder, find the tension in the rope and forces exerted by the floor on the
ladder. (Take g = 9.8 m?)(Hint: Consider the equilibrium of each side of the ladder

separately.)
A

A shown in figure below, Ng and Nc be the normal reactions of the floor at B and C
respectively and R be the tension in the rope DE. Then
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Sol.

Ng + Nc =W =40 x 9.8N

Or Ng + N=C==392N ...(1)

Consider the portion AC of the ladder. Balancing torques about A, we get

Nec X LC=T x AG

From the geometry of the figure we get LC = 2GE = DE = 0.5m or GE = 0.25m
«~ AG = VAE? — GEZ = /(0.8)2 — (0.25)2 = +/0.5775 = 0.76m

Hence Nc x 0.5 x T x 0.76 or T = 0.66 Nc ...(2)

Now consider the portion AB of the ladder. Balancing the torques about A, we get
Nex BL-WxJL=T x AG

But JL =% DE =% x 0.5=0.125m

BL = DE = 0.5m, W = 392N

~Ngx05=392%x0.125=T x 0.76

Or N x 0.5 -392 x 0.125 = 0.66 Ncx 0.76 [Using (2)]

OrNg—-98=Nc

OrNg—-Nc=98...(3)

On solving (1) and (3) we get

Ng = 245N, Nc =245 -98 = 147N and T = 0.66 Nc = 0.66 x 147 = 97N.

A man stands on a rotating platform, with his arms stretched horizontally holding a 5 kg
weight in each hand. The angular speed of the platform is 30 revolutions per minutes.
The man then brings his arms close to his body with the distance of each weight from the
axis changing from 90 cm to 20 cm. The moment of inertia of the man together with the
platform may be taken to be constant and equal to 7.6 kg m?.(a) What is his new angular
speed? (Neglect friction)(b) Is kinetic energy conserved in the process? If not, from
where does the change come about?

(a) Total initial moment of inertia,

I1 = MI of man and platform + MI of two 5kg weights
=7.6+2x5x(0.90)2=7.6+8.1=15.7 kg m?

Initial angular speed, w1 = 30 rpm

Total final moment of inertia, I, = 7.6 + 2 x 5 x (0.20)> = 7.6 + 0.4 = 8.0 kg m?

By the principle of conservation of angular momentum,

i1 = Loz
Or 15.7 x 30 = 8.0 X ay
Or ap = 227220 - 58,873 = 59 rpm.
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(b) Final KE _ Tho? _ B.OX(59)?

Initial KE %Izm% 15.7x(30)2
Thus the final K.E. is about twice the initial K.E. i.e, KE is not conserved in the process.
The increase in KE is due to the internal energy the man uses in bringing his arms closer
to his body.

=1.97

4. A bullet of mass 10 g and speed 500 m/s is fired into a door and gets embedded exactly at
the centre of the door. The door is 1.0 m wide and weighs 12 kg. It is hinged at one end
and rotates about a vertical axis practically without friction. Find the angular speed of the
door just after the bullet embeds into it.(Hint: The moment of inertia of the door about the
vertical axis at one end is ML?/3.)

Sol. By the principal of conservation o angular momentum,
Initial angular momentum of the bullet = Final angular momentum of the door
Orur=lo
ML? 3mvr
Ormvr=—Xworo=—;
3 ML
Here m = 10g = 10%kg, L = 1.0m, M = 12kg

3x1072x500x0.5 .
= % =0.625rad s™.
12x(1.0)

5. A disc rotating about its axis with angular speed w, is placed lightly (without any
translational push) on a perfectly friction less table. The radius of the disc is R. What are
the linear velocities of the points A, B and C on the disc shown in Fig.? Will the disc roll
in the direction indicated?

Sol.  We know that v=Rw
For point A : va = R (in the direction of the arrow)
For point B: vs = Ry (in the direction opposite to arrow)
For point C: vc = (R/2)w (in the direction of the arrow)
The disc will roll in the direction indicated. It is because the disc is placed on a perfectly
frictionless table and without friction, a body cannot roll.

6. A solid disc and a ring, both of radius 10 cm are placed on a horizontal table
simultaneously, with initial angular speed equal to 10m rad/s. Which of two will start to
roll earlier? The coefficient of kinetic friction is ux = 0.2.

Sol.  In case of pure rotation without translation, the velocity of centre of mass is zero. The
friction reduces the speed at the point of contact and as such accelerates the centre of
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mass till the velocity of centre of mass becomes equal to v = Rw and the instantaneous
velocity at the contact point becomes zero. Thus the force of friction pxmg produces an 178
acceleration a in the centre of mass. So the equation f motion for CM is

pkmg =ma ...(1)

The torque due to force of friction is uxmg XR. It produces angular retardation given by

wmg =-la...(2)

Rolling begins when v = R®

Butv=0+at= ukgt .(3) [From (1), a = uxgt]

And ® = @o + ot = o - HKTES g B8 ¢ [using (2)

Or<= wg — Mt
R I
Or txs8t _ ooo — HmeR

R I

ukgt mR~
Or—= R [1 + = Wy

000
Ort=—-"——<
Hkg(1+T>
For a disc: | = mR?/2
_ Rwg __ 0.10x10m
3uRg  3X0.2x9.8
For aring: | = mR?
R 0.10x10
A= 220 = 20T - 80s
2Ukg 2X0.2X9.8
Thus the disc begins to roll earlier than the ring.

t

=0.53s

7. A cylinder of mass 10 kg and radius 15 cm is rolling perfectly on a plane of inclination
30°. The coefficient of static friction us = 0.25.
(a) How much is the force of friction acting on the cylinder?
(b) What is the work done against friction during rolling?

Sol.  Mass of cylinder, M = 10kg, Radius of cylinder, R = 15cm = 0.15m, Angle of inclination,
0 = 30°, Coefficient of friction, u = 0.25

(a) Force of friction acting on the cylinder, f = Mg sinG == >< 10 x 10 x sin30° = 16.66N

(b) The work done against friction during rolllng is zero because the condition of rolling
without slipping is that each instant the line of contact of the cylinder with the surface ios
momentarily at rest and the cylinder rotates about this line as axis. The centre of mass of
the cylinder moves in a straight line parallel to the inclined plane. So it is friction which
prevents sliping.

8. (a) Prove the theorem of perpendicular axes.
Hint: Square of the distance of a point (X, y) in the x-y plane from an axis through the
origin perpendicular to the plane is x? + y?]
(b) Prove the theorem of parallel axes.
Hint: If the centre of mass of chosen the origin [X miri= 0]

Sol.  (a) Theorem of perpendicular axes:
Proof: Consider a plane lamina lying in the XOY plane, it can be assumed to be made up
of large number of particles. Consider one such particle of mass m situated at point P(X,
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y). Clearly, the distance of the particle from X, Y and Z axes are y, x and rn respectively
such that r? = y2 + x? 179

Moment of inertia f the particle about X axis = my?

- Moment of inertia of whole lamina about X axis is Ix = X my?

Moment of inertia of whole lamina about Y axis is Iy = X mx?

Moment of inertia of whole lamina about Z axis is Ix = £ mr? = £ m(y? + x?)

=Y my? + £ mx?

Orl;=lx+1ly

This proves the theorem of perpendicular axis

(b) Theorem of parallel axes:

Proof: Let | be the moment of inertia of a body of mass M about an axis PQ. Let RS be a
parallel axis passing through the centre of mass C of the body and at distance d from PQ.
Let Icm be the moment of inertia of the body about the axis RS.

Consider a particle P of mass m at a distance x from RS and so at distance (x +d) from

PQ.

Q 5
Moment of inertia of the particle about axis PQ = m(x +d)?
~ Moment of inertia of the whole body about the axis PQ is
| =% m(x +d)? = £ m(x? + d? + 2xd)
Now £ mx? = Icm
> md? = ( m)d? — Md?
E2mxd=2dXmx=2dx0=0
This is because a body can balance itself about its centre of mass so the algebraic sum of
moments (X mx) of masses of all the particles about the axis RS is zero.
Hence | = Icm + Md?
This proves the theorem of parallel axis.
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9. Prove the result that the velocity v of translation of a rolling body (like a ring, disc,
cylinder or sphere) at the bottom of an inclined plane of a height h is given 180
by,v?=2gh/(1+k?/R?) using dynamical consideration (i.e., by consideration of forces and
torques). Note K is the radius of gyration of the body about its symmetry axis, and R is
the radius of the body. The body starts from rest at the top of the plane.

Sol.  Velocity attained by a body rolling down on inclined plane” Consider a body of mass M

and radius R rolling down a plane inclined at an angle 6 with the horizontal as shown in
figure. It is only due to friction at the line of contact that body can roll without slipping.
The centre of mass of the body moves in a straight line parallel to the inclined plane.

i (O

The external forces on the body are

(1) The weight Mg acting vertically downwards.

(ii) The normal reaction N of the inclined plane.

(iii) The force of friction acting up the inclined plane.

Let a be the downward acceleration of the body, The equations of motion for the body
can be writtenas N — Mg cos 6 =0

F=Ma=Mgsinq- f

As the force of friction provides the necessary torque for rolling so

t1=fxR=lo= MR? (ﬁ)

kZ
Orf= M_Z .a
R
Where K is the radius of gyration of the body about its axis of rotation. Clearly
y k2
Ma = Mgsin 6 = Mﬁ.a

Ora= gsin 0
= 2
(1+32)

Let h be the height of the inclined plane and s the distance travelled by the body down the
plane. The velocity v attained by the body at the bottom of the inclined plane can be
obtained as follows:

v2 —u? = 2as
orvi—-0?=2.

gsin@

k2"
(1+22)
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2 _ Zgh . i
orv -;azagﬁmceWs sin0] 181

2gh
k2
(1+32)

orv=

SPACE FOR ROUGH WORK
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	Sol. Moment of inertia is the product of mass and square of separation between particle and axis of rotation .
	e.g , M.I=mr²
	here, we see, separation of mass m1 and altitude NN′is 0 .
	alteration between mass m2​ and NN′ is (a/2​) also for m3​ separation is (a/2​)
	Moment of inertia about altitude passing through m1​=I1​+I2​+I3​
	where I1​,I2​, and I3​ are M.I of m1​,m2​ and m3​ respectively .
	M.I= m1​.(0) + m2​(a/2​)2 + m3​(a/2​)2
	= ,,a-2.-4(,m-2.+,m-3.).​
	Sol. Moment of inertia of the cylinder about its geometric axis=1/2 ​mr2
	Acceleration of the cylinder is given as a = ,mgsinθ-m+I/,r-2..=,2-3.gsin30 =3.27m/,s-2.
	(a) Using Newton's Second Law, we can write, fnet​=ma
	⟹mgsin30∘ − f = ma
	⟹ f = 49N − 32.7N = 16.3N
	(b) During rolling, the instantaneous point of contact with the plane comes to rest. Hence, the work done against frictional force is zero.

